Let ^ dnZ 71 be a power series with an € C; for each fixed z € C n==o denote by L (z) the set of limit points in C U {00} of the sequence of partial sums N SN(z)=^anZ n ,N=0^^...
n=0
(see [12] , [3] ). Suppose, in addition, that for every z in a set E C {z € C : 00 \z\ = 1}, the series ^ dnZ 71 is (C, l)-summable to a finite sum a (z) € C. Then, according to a theorem due to J. Marcinkiewicz and A. Zygmund, the limit set L (z) has circular structure with center a (z) for almost all z € E (see [12] , [18] , Vol. II, p. 178). For works related to the above theorem the reader is referred to [5] , [6] , [7] , [14] , [8] , [9] , [15] .
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Power series ^ dnZ 71 having the property that, for every z in a non- investigated in [6] , [7] . As it turned out, such series are (C, l)-summable for every z, \z\ = 1, up to a finite set, and they are Taylor developments of 1 oo rational functions of a special form. The simplest example is --= ^ z 71 . -z n=o In this example, for every z, \z\ = l,z -^ 1, it is true that SN (z) € L{z) for all N = 0,1,2,.... More generally, for every rational function (j of the form M .
uw -ŵ
ith Aj e C, \pj | = 1, the partial sums SN (z) , N = 0,1,2,... of the Taylor development of uj belong to L (z) for all z, \z\ = 1, up to a finite set (see [9] ).
The above considerations are closely related to a question which was first stated by S. K. Pichorides about the characterization of rational functions using geometric properties of the set of partial sums of their Taylor development ( [16] , p. 73). More precisely, we have:
00
Question 1. -Suppose that a power series ^ Q.nZ n has radius of n=o convergence = 1 and that for all z in a "large" set Ec{z^C:\z\=l} In the present paper we give a negative answer to the above Question 1. For the construction of an appropriate counterexample we use a strengthened version of a result of Chui and Parnes concerning approximation by overconvergence (cf. [2] It is also true that every Taylor series with radius of convergence greater than or equal to 1, can be expressed as the sum of two universal Taylor series.
Finally, we prove that every universal Taylor series is never the Taylor development of any rational function. Thus, every universal Taylor series serves as a counterexample to Question 1. In addition, we show that every universal Taylor series is not (<7, l)-summable at any point z C C with \z\ = 1, and that it cannot be continuously extended to the closed unit disk. More generally, any universal Taylor series does not belong to the Hardy space H 1 (D).
Existence of universal Taylor series.
In this section we consider the set U of universal Taylor series as a subset of the space H (D) of holomorphic functions in the open unit disk D with respect to the usual topology of uniform convergence on compacta. We prove that U is a countable intersection of open dense sets. Since H (D) is metrizable complete space, U is a dense G^-set. In particular, (7^0, which automatically guarantees the existence of universal Taylor series. Proof. -Let K C {z EC: \z\>l} be a non-empty compact set having connected complement. If K is finite, then we can easily find an infinite compact set K' containing K with the same properties. Thus, we can assume that K is infinite. Obviously, there exists a natural number n, such that K c{zeC: 1 ^ \z\ <n}.
Since 0 and n + 1 belong to the complement of K, which is connected, we can join them by a simple polygonal line F lying in the complement of K and having vertices with rational coordinates. The set of such polygonal lines is countable. The distance of F from K is strictly positive. Thus, we can find a natural number 5, such that K C L(n, r, 5), where Proof. -The inclusion U C ("1 n n U E {^3^,n) follows m=l j=l s==l n=0
obviously from the definitions of U and E (m,^', 5, n). Let We shall show that / € U.
Let jFC C {^€C:[^|>1} be a non-empty compact set having connected complement and h : K -> C a function, which is continuous on K and holomorphic in the interior of K. Let e > 0 and v a natural number. We have to determine N > z/, such that
SMp\SN(f)(z)-h(z)\<e.
zGK By Mergelyan's theorem (cf. [17] ) there exists a polynomial fj,j = 1,2,... having coefficients whose coordinates are both rational, such that Since / e H (£)), the radius of convergence R of the Taylor development of / satisfies R > 1. Let ZQ e C with \ZQ\ = 1. The compact set K = {zo} C {z € C : \z\ >_ 1} has connected complement. Thus, by making use of (i), we deduce that the limit set L (zo) is equal to C U {00} and the Taylor development of / at z = ZQ diverges. This shows that R = 1 and that condition (ii) of Definition 1.1 is satisfied too. Consequently, / C U, which completes the proof of our lemma. D In fact, for z G Km, we have
We write Sn (g -f) (z) = ^ b^. Since sup \g (z) -f (z)\ < a, we get open. Therefore the same is true for the union |j £'(m,j,s,n). We shall n=o prove that this set is also dense.
The sets Km and L are disjoint and the compact set Km UL has connected complement; thus, Mergelyan's theorem can be applied to the function F with F (z) = fj (z) on Km and F {z) = f (z) on L. We find a non-zero polynomial g, such that
\F(z) -g(z)\ <minf£,-) on Km^L.
Moreover, we set n := deg {g) > 0. Then 
-The set U of universal Taylor series is a denumerable intersection of open dense subsets ofH(D).

-There exist universal Taylor series and their set U is a Gs-dense subset of the space H (D).
Proof. -The space H (D) is metrizable complete (see [11] ). Thus, Baire's theorem combined with Proposition 2.5 implies that U ^ 0 and that U is a G^-dense set. D
Remark. -Theorem 2.6 strengthens a result of Chui and Parnes [2] . The difference between condition (i) of Definition 1.1 and the assumption, which was used in the paper [2] , is that in (i) the compact set K may meet the unit circle, whereas in [2] the hypothesis is : K C {z € C : \z\ > 1}. The crucial point is namely that, if one wishes to give answers to questions like those being formulated in the introduction, then the necessity of getting information about the limit set L (z) in the case, in which \z\ = 1, becomes unavoidable.
Remark. -We do not know any explicit universal Taylor series. Nevertheless, one can use Mergelyan's theorem to provide a more constructive proof of the existence of universal Taylor series by means of a modification of the construction presented in [2] . This alternative proof avoids the use of Baire's theorem.
Some properties of universal Taylor series.
Universal Taylor series are universal trigonometric series in the sense of D. Menchoff (cf. [13] 
771-^00 m->00
for all e^ G E \ {1}. As \E\ {!}[ = 27T, we have the almost everywhere convergence on T. D Since every universal Taylor series has radius of convergence 1, the sum of two universal Taylor series has radius of convergence greater than or equal to 1. In fact, the converse statement is also true. One can give a proof to Proposition 3.2 using Mergelyan's theorem and imitating the proof of D. Menchoff in [13] . The following short proof is due to J.-P. Kahane. to be a pole of the highest multiplicity on the circle of convergence, then, using the formula being established in the proof of Theorem 9 of [15] , one can prove the existence of a neighbourhood V of w, such that, for every ZQ e V, \ZQ \ > \w\ = R, we have lim SN (^o) = co. Proof. -According to condition (i) of Definition 1.1 we can determine two strictly increasing sequences <n, mn, n = 1,2,... of natural numbers satisfying in < mn < <n+i for all n = 1,2,... and such that S^ (e 10 
The counterexample.
In this section we prove that every universal Taylor series serves as a counterexample to Question 1 stated in the introduction. 
